
Representation-free evaluation of the eigenvalues of the class-sums of the symmetric group

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

1993 J. Phys. A: Math. Gen. 26 L135

(http://iopscience.iop.org/0305-4470/26/4/002)

Download details:

IP Address: 171.66.16.68

The article was downloaded on 01/06/2010 at 20:47

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/26/4
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


J. Phys A: Math. Gen.  26 (1993) L135-Ll37. Printed in the UK 

LETTER TO THE EDITOR 

Representation-free evaluation of the eigenvalues of the 
class-sums of the symmetric group 

Jacob Katriel 
Depanment of Chemisuy, Whnion-Israel Instilute of Technology, 3" Haifa, Israel 

Received 2 November, in final form 21 December 1992 

AbslraeL Explicit expressions for the eigenvalues of lhe single-qcle class-sums 
[ ( p ) ( l ) " - P ] , ,  of the symmetric group (S,) are mnstnrcted in a manner which makes 
no use of representation theoretic data. The expressions obtained consist of pohomials 
in the symmetric power sums mer the 'contents' of the Young diagram specifying the 
irreducible representation. Tbe mnstruction uses a conjecture concerning the stlllcture 
of these expressionr and a lemma concerning the vanishing of these expressions when 
evaluated for n < p .  

The sum of the elements of the symmetric group S,& which consists of a cycle of 
length p and n - p cycles of unit length is an element of the corresponding group 
algebra which we denote by the symbol [ ( p ) ( l ) " - p ] , ,  or, for brevity, by [ ( p ) ] , .  The 
centre of the symmetric group algebra is generated by means of polynomials over the 
singlecycle class-sums [ ( 1 ) , I n ,  [ ( Z ) ] , ,  . . ., [ ( n ) ] ,  [l]. The eigenvalues of these class- 
sums are closely related to the characters of the irreducible representations (irreps) 
of the symmetric group 1'21. They can be labelled by means of partitions of n, which 
are commonly represented graphically by Young diagrams. Denoting each box in the 
Young diagram by a row index i (running from top to bottom) and a column index j 
(running from left to right) we refer to the difference j - i as the content of the box 

We shall use the power sums over the contents of a Young diagram r, which are 
(i, j) 131. 

defined by 

uv = (j - i ) V  r = 1,2,. . . . 
( U W  

The eigenvalue of the class-sum [ ( p ) ] ,  corresponding to the irrep r, which is 
associated with the partition [A, ,  A,, . . . ,A,] ( A ,  + A, f . . . + A, = 72,  where 
A, > A, > . . . > A, > 0) is &hen by an expression which was presented by Macdonald 
131, following Frobenius. This expression involves the n strictly decreasing variables 

/Li = Ai - 2 + n i = 1 , 2 ,  . . . , ? 7  
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It can be written in the form 

Equation (1) was recently used to show that these same eigenvalues can also be 
written as polynomials in the p - 1 power sums u I , u Z r . .  . up-i,, with coefficients 
which are polynomials in n [4]. The actual evaluation of the coefficients, as presented 
in [4] and [5], was rather heuristic. For the class-sum [ ( p ) ] ,  one had to use the 
characters corresponding to the irreps of the symmetric groups S,, Spt,, . . . , Spt,, 
where k is the maximal order in n of the expression sought. Note that even subject to 
this procedure one obtains an impressive extrapolation sincc the expression obtained 
for any particular value of p is valid for arbitrary n. Some further advantages and 
applications of this expression for the eigenvaiues were discussed in [4]. 

An alternative construction for the expressions for the eigenvalues of the single- 
cycle class-sums as polynomials over the symmetric pawer-sums in the contents of 
Young diagrams will now be presented. It is based on a statement concerning 
the structure of these polynomials (conjecture 1) and on a lemma which (along 
with conjecture 2) enables the formulation of a system of h e a r  equations for the 
coefficients in each one of these polynomials. While the proof of the lemma uses 
equation (1) and the proofs of the conjectures remain to be established, the actual 
construction of these polynomials does not involve the use of any representation- 
theoretic data. 

Conjecrure 1. The expression for XEp)ln in terms of U ] ,  uzr . . . , is obtained as 
follows. Each partition of p + 1 into parts which are not smaller than 2, Le. 

gives rise to a term of the farm f,,,(n) np=;' U,?'+'. fnz( n) is a polynomial of order 
nZ in n, whose coefficients depend on the partition of p + 1 to which it corresponds. 

Erompfe I .  p = 2. The only relevant partition of three is {n3 = l}, hence 

p = 3. Four can be partitioned in two ways: = 1) and {n2 = 2). Hence, 

p = 4. The relevant partitions of five are {n5 = 1) and {n3  = 1, n2 = I) ,  resulting 

2n, + 3 9  +...+(P+ l)ng+i = P +  1 

= eal, where 01 is a constant which has yet to be determined. 

Ai3)In = aa2 + Ma). 
in Af;,)]. = a % +  f , ( . )U l .  

The conjecture has been verified, using the data in [5], for all p < 14. 

Lemma. For p > n, Af;,)lm vanishes. 

Proof. We shall show that each one of the summands in equation (1) vanishes. 
Consider the ith summand and let A; = IC. It follows that A ,  + A, + . . . + Ai > ki 
and A, = 0 for n + 1 - i ( k  - 1) < j < n. We consider two separate cases: 

(i) pi  < p - 1. Since pi > 0 it follows that one of the factors p i ,  pi - 1, . . . , p i  - 
p + 1 vanishes. This case contains the rows far which Xi = 0. 

(ii) pi  > p > n. For n + 1 - i ( k  - 1) < j < n, pi - p, - p increases by steps of 
1 from n + 1 - p - ( i  - 1)k < 0 to pi  - p 2 0. Hence, for some j in this range the 
factor pi - p . - p vanishes. 

0 This condudes the proof of the lemma. 
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Since the system of linear equations obtained for the coefficients of the various 
terms in AEP)]% is homogeneous, it only determines the coefficients up to a common 
multiplicative factor. 'RI overcome this difficulty we state, on the basis of the evidence 
available in [5] for 2 < p < 14, 

Conjecture 2. The coefficient of up-l in the expression for Aip)]= is equal to 1. 

Remark 1. For n = 0 and n = 1 ui = 0, for all i. 

Remark'2. For odd p the partition of p + 1 into nZ = (p  + 1)/2 corresponds to 
a polynomial, which by lemma 1 has to vanish for n = 0 and n = 1. Thus, this 
polynomial is of the form n(n - l)f+3),z(n). 

&ample 2. By conjecture 2, 01 = 1 in all the cases discussed in example 1. For p = 2 
the expression for the eigenvalues corresponding to arbitrary irreps is completely 
determined. The result is in agreement with Jucys [6] and Suzuki [7]. 

For p = 3 we obtain f i(n) as follows. By remark 2 f,(n) = pn(n - 1). To 
determine p we consider the irrep [2] of S,: since in this irrep u2 = 1, we obtain 
A121 - I [(3)1z - 1 -I- 20 = 0, i.e. 0 = -$ Consequently, ~i,)]" = u2 - p ( n  - I), in 
agreement with Jucys [6] and Suzuki [7]. 

For p = 4 we consider the irreps [2] and [3] of S, and S,, respectively. We 
note that u1 = ug = 1 for the former and u1 = 3, u - 9 for the latter. Hence, 
fi(2) = -1, f1(3) = -3, i.e. f l ( n )  = 3 - 2n or = u, - (2n - 3)u, in 
agreement with [4] and [5]. 

The actual application of the algorithm presently discussed to the evaluation of the 
eigenvalues of single-cycle class-sum with cycle lengths up to 20 will be presented 
elsewhere [SI. For a discussion of quantum-mechanical applications we refer to 
[1,4,5]. It is hoped that some of the readers will be interested in proving the two 
conjectures presented above. 

Helpful discussions with Professors G James, A Juhasz and R F'auncz are gratefully 
acknowledged. This research was supported by the Rchnion-University of Haifa 
Fund for Joint Research, the Rchnion W R  Fund and the Fund for the Promotion 
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